Some theorems on convex functions are proved and an application of these theorems in the theory of weighted Banach spaces of holomorphic functions is investigated, too. We prove that Hv(G) and Hv 0 (G) are exactly the same spaces as Hw(G) and Hw 0 (G) where w is the smallest log-concave majorant of v. This investigation is based on the theory of convex functions and some specific properties of the weighted banach spaces of holomorphic functions under considaration.
INTRODUCTION
Let C be the complex plane and G = {z = x + iy| x ∈ (−∞; +∞), y ∈ (0; +∞)} ⊂ C be the upper half plane of C. The function v : G → (0; +∞) is such that v(z) = v(x + iy) = v(iy), ∀z = x + iy ∈ G, and inf y,y∈[ The weighted Banach spaces of holomorphic functions H v (G) and H v0 (G) are defined as follows
• f ∈ H v (G) iff f is holomorphic on G and is such that f v = sup z,z∈G v(z)|f (z)|,
• f ∈ H v0 (G) iff f ∈ H v (G) and f is such that ∀ε > 0 there exists a compact K ε ⊂ G for which sup z∈G\Kε v(z)|f (z)| < ε.
Thus, we use notations used in [1, 2, 3, 4, 5] .
In [1] , [2] authors find the isomorphic classification of the spaces H v (G) and H v0 (G) when the weight function v meets some growth conditions.
In [3] , [4] are studied weighted composition operators between weighted spaces of holomorphic functions on the unit disk of the complex plane and the associated weights are used in order to estimate the norm of the weighted composition operators.
In [5] are studied the associated weights. This paper is about the weights that have some of the properties of the associated weights. We prove that H v (G) and H v0 (G) are exactly the same spaces as H w (G) and H w0 (G) where w is the smallest log-concave majorant of v. Here, the smallest log-concave majorant of v is exactly the associated weight but in case of other weighted spaces this coincidation might not take place. Our work is based on the theory of convex functions and some specific properties of the weighted banach spaces of holomorphic functions under consideration.
The results of this paper are communicated on the conferences [7] and [8] .
DEFINITIONS AND NOTATIONS
Let Φ be the set of functions ϕ such that ϕ ∈ Φ iff the following conditions are fullfield
• ϕ : (0; +∞) → R and
• there exists a real number a such that inf x∈(0;+∞)
Note that −∞ < ϕ(x) < +∞, ∀x ∈ (0; +∞) and ∀ϕ ∈ Φ.
We denote by a ϕ the limit inferior
If ϕ ∈ Φ then
Let Φ 1 , Φ 2 , Φ 3 be the following subsets of Φ
Note that a function ϕ ∈ Φ is not necessarily continuous. Here, the function ϕ that belongs to Φ, does not have to meet any conditions beside those of the definition of Φ, Φ 1 , Φ 2 , Φ 3 . There are a number of simple functions that belong to Φ, Φ 1 , Φ 2 , Φ 3 and for example
• if ϕ 3 (x) = x −1 , ∀x ∈ (0; +∞), then ϕ 3 ∈ Φ 3 ; and the functions ϕ 1 (x), ϕ 2 (x), ϕ 3 (x) are all convex on (0; +∞). Let ϕ ∈ Φ and let
The function ϕ * * : (0; +∞) → R is defined as
Thus, ϕ * * is the second Young-Fenhel conjugate of ϕ and it is the biggest convex minorant of ϕ.
MAIN RESULTS
Theorem 3.1 Let ϕ ∈ Φ and ψ ∈ Φ. If ψ is convex on (0; +∞) then inf x∈(0;+∞)
Theorem 3.2 Let ϕ ∈ Φ and ψ ∈ Φ. If ψ is convex on (0; +∞) and the right-sided limit lim
If ψ is convex on (0; +∞) and the limit value lim 
Note that ϕ ∈ Φ, ψ ∈ Φ, the function ψ is not convex on (0; +∞), ϕ * * (x) = 1, ∀x ∈ (0; +∞), and 
where x ∈ (0; +∞). Note that ϕ ∈ Φ, ψ ∈ Φ, the function ψ is not convex on (0; +∞) and
This is proved in the Proposition 4.1. Example 3.3 Theorem 3.3 does not hold with the functions
where x ∈ (0; +∞). Note that ϕ ∈ Φ, ψ ∈ Φ \ Φ 3 , the function ψ is not convex on (0; +∞) and
This is proved in the Proposition 4.2.
Corollary 3.1 Let ϕ ∈ Φ and ψ ∈ Φ. If ϕ and ψ are such that the right-sided limit lim
Proof. Note that ψ * * ≤ ψ and
The Theorem 3.2 is applied to ϕ, ψ * * and thus the limit (3.1) is proved. Corollary 3.2 Let ϕ ∈ Φ, ψ ∈ Φ \ Φ 3 . If ϕ and ψ are such that
Proof. Note that
• ψ * * ∈ Φ \ Φ 3 by the Lemma 4.1;
• ψ * * ≤ ψ.
The Theorem 3.3 is applied to ϕ, ψ * * and thus the limit (3.2) is proved.
• ϕ is convex on (0, +∞), and therefore ϕ * * = ϕ,
• ψ is not convex on (0, +∞) and
Thus there is no any analog of the Theorem 3.1 involving ϕ * * and ψ in such a way as in Corollaries 3.1 and 3.2.
AUXILIARY RESULTS

Proposition 4.1 Let
where x ∈ (0; +∞). The functions ϕ and ψ are such that ϕ ∈ Φ, ψ ∈ Φ, the function ψ is not convex on (0; +∞) and
Proof. The function ψ is such that
so, ψ(x) ≥ 0 ∀x ∈ (0; +∞) and this implies that ψ ∈ Φ. The function ϕ ∈ Φ because of the inequality ϕ ≥ ψ.
Note that the limit value
A direct computation shows that the second derivative ψ ′′ ( x 0 ) < 0. Therefore ψ is not convex on (0; +∞).
Let
Note that the function f is convex on (0; +∞) and f (x) ≤ ϕ(x), ∀x ∈ (0; +∞). So, f is a convex minorant of ϕ and thus
because of the convexity of ϕ * * . Thus
Note that after some simple computations we obtain
where x ∈ (0; +∞). The functions ϕ and ψ are such that ϕ ∈ Φ, ψ ∈ Φ \ Φ 3 , the function ψ is not convex on (0; +∞) and
Therefore ψ ≥ 0 and thus ψ ∈ Φ. The limit value
The function ϕ ∈ Φ because of both ϕ ≥ ψ and ψ ∈ Φ. The limit value
where
A direct computation shows that the second derivative ψ ′′ ( x 0 ) < 0 and so the function ψ is not convex on (0; +∞).
The function f is convex on (0; +∞) and f ≤ ϕ. So, f is convex minorant of ϕ and
Let a 0 ∈ R and b 0 ∈ R be such real numbers that a 0 x+ b 0 ≤ ϕ(x) ∀x ∈ (0; +∞). Thus,
Let b be such that lim inf
Then we choose a real number δ in such a way that δ > 0 and
Let a = min 0, inf
Thus (a, b) ∈ M ϕ and consequently ϕ * * (x) ≥ ax + b ∀x ∈ (0; +∞). So, lim
because of the choice of the number b. Therefore the assertion (1) of the Lemma 4.1 is proved.
Let α be such that lim inf x→+∞ ϕ(x)
x > α > −∞. Then we choose a real number ∆ in such a way that ∆ > 0 and
Thus, (α, β) ∈ M ϕ and consequently ϕ * * (x) ≥ αx + β ∀x ∈ (0; +∞). So, Therefore the assertion (2) of the Lemma 4.1 is proved.
The assertion ϕ ∈ Φ 1 ⇐⇒ ϕ * * ∈ Φ 1 is proved as (1) of Lemma 4.1. The proof of the Lemma 4.2 will be completed after proving
Let ϕ ∈ Φ 2 ∪ Φ 3 and
If ϕ * * ∈ Φ 3 then ϕ ≥ ϕ * * implies ϕ ∈ Φ 3 . Now let us suppose that ϕ ∈ Φ 3 . Let a 0 and b 0 be such real numbers that a 0 x + b 0 ≤ ϕ(x), ∀x ∈ (0; +∞). Let b be such a real number that lim inf
Let the real number ∆ be such that ∆ > 0 and 
Proof. Let x 1 and x 2 be such real numbers that 0 < x 1 < x 2 and let x 3 = x1+x2 2 . Note that
is such that both functions f (·, v) and f (u, ·), each one of them is a monotone non-decreasing function, where u > 0, v > 0, u = v, and
If ψ is convex on (0; +∞) and
Proof. Note that the limit value exists due to the Lemma 4.4. Let the real number α be such that
Let thereal number ∆ be such that ∆ > 0 and inf
Therefore,
for every t and x such that ∆ < t < x. So, ψ(t) − α t ≥ ψ(x) − α x for every t and x such that ∆ < t < x.
Consequently
where x > ∆. Thus ψ(x) − a ψ x ≥ α, where x > ∆, and
Note that Corollary 4.3 follows directly from Lemma 4.5.
PROOFS OF THE MAIN RESULTS
Proof of Theorem 3.1 Let ϕ ∈ Φ, ψ ∈ Φ and ψ be convex on (0; +∞). Note that inf x∈(0;+∞)
because of the inequality ϕ ≥ ϕ * * . Now we consider two cases case 1 inf
So, inf
So, ϕ(x) ≥ ψ(x) + c, ∀x ∈ (0; +∞).
and ψ + c is convex minorant of ϕ. Therfore
It follows from here and from inequality (5.1) that
Proof of Theorem 3.2 Let the functions ϕ and ψ be such that ϕ ∈ Φ, ψ ∈ Φ, ψ is convex on (0; +∞) and the limit
and ψ is convex on (0; +∞). Therefore, ϕ(0 + ) = +∞ and from Lemma 4.1 we obtain that ϕ * * (0
So, in order to complete the proof we have to study the alternative when the function ψ is such that ψ(0 + ) < +∞. We will define a new function ψ that is convex minorant of ϕ.
Let a 0 and b 0 be such that (a 0 , b 0 ) ∈ M ϕ . Let c be a real number. Let ∆ 1 be such areal number that ∆ 1 > 0 and
Let ∆ 2 be such a real number that ∆ 1 > ∆ 2 > 0 and
Let ∆ 3 be such a real number that ∆ 2 > ∆ 3 > 0 and the function ψ(x) be monotone non-increasing on (0; ∆ 3 ).
Note that if x ∈ (0; ∆ 3 ) then we have the following inequalities with the convex function ψ
and from ψ(0 + ) = +∞ it follows that
Let ∆ 4 be such a real number that ∆ 3 > ∆ 4 > 0 and
Note that if x ∈ (0; ∆ 4 ) then lim sup
Let x 1 be such a real number that x 1 ∈ (0; ∆ 5 ). Let us set
. Therefore
Thus there exists a real number
And we define the function ψ
The function ψ is convex on (0; +∞) because it is continuous, ψ
Furthermore
i.e. ψ is convex minorant of ϕ. Therfore ϕ * * (x) ≥ ψ(x), ∀x ∈ (0; +∞). Thus ϕ * * (x) ≥ ψ(x) + c ∀x ∈ (0; x 1 ) and lim inf
which, accordingly to the choice of the number c, implies that
Proof of Theorem 3.3 Let the functions ϕ and ψ be such that ϕ ∈ Φ, ψ ∈ Φ \ Φ 3 , ψ be convex on (0; +∞) and the limit value lim
Note that by Lemma 4.1
Let the real number ∆ be such that ∆ > 0 and
Therefore ϕ(x) ≥ ψ(x), ∀x ∈ (∆, +∞), and
In order to prove Theorem 3.3 we consider the following four cases
Case 1. Let the functions ϕ and ψ be such that a ϕ > a ψ . Let the real numbers a 1 and a 2 be such that
Let the real number ∆ 1 be such that ∆ < ∆ 1 and
Thus the case 1 is closed. Case 2.1. Let the functions ϕ and ψ be such that a ϕ = a ψ and ϕ ∈ Φ 3 . So,
• Lemma 3.2 implies that ϕ * * ∈ Φ 3 .
• ψ ∈ Φ 2 and lim inf
because of the convexity of ψ.
We claim that inf • the number ∆ 2 is such that ∆ 2 > 0 and
• the numbers a 0 and b 0 are such that (a 0 , b 0 ) ∈ M ϕ and therefore
The case 2.1 is closed. Case 2.2 and Case 2.3 Let c be a real number. Let the number ∆ be such that ∆ > 0 and inf
Let the numbers a 0 and b 0 be such that (a 0 , b 0 ) ∈ M ϕ . In the present cases, the assumptions imply that ϕ ∈ Φ 2 and +∞ > a ϕ > a 0 . So, a ψ = a ϕ > a 0 and by Lemma 4.3
Let the number ∆ 1 be such that ∆ 1 > ∆ and
Note that the convex function ψ belongs to Φ 2 . Therefore
Furthermore if we fix an x ′ and let x is such that +∞ > x > x ′ > 0 then We claim that there exists ∆ 3 such that ∆ 3 > ∆ 2 and ψ ′ (x − )(∆ − x) + ψ(x) + c < a 0 ∆ + b 0 , ∀x > ∆ 3 .
Argument for this claim in the case 2.2 is different when compared to the corresponding one in the case 2.3. x ∈ (x 2 ; x 1 ] ψ(x) + c, x ∈ (x 1 ; +∞).
